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Given a compact domain of a 3-dimensional hypersurface on a vacuum spacetime, a 
scalar (the "non-Kerrness") is constructed by solving a Dirichlet problem for a second 
order elliptic system. If such scalar vanishes, and a set of conditions are satisfied at a 
point, then the domain of dependence of the compact domain is locally isometric to a 
portion of a member of the Kerr family of solutions to the Einstein field equations. This 
construction is expected to be of relevance in the analysis of numerical simulations of 
black hole spacetimes. 
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I. INTRODUCTION 

The present article is concerned with the 
problem of measuring how different a given ini- 
tial data set for the Einstein vacuum field equa- 
tions is from a Kerr initial data set. In^i^'^^ 
this problem has been addressed by the con- 
struction of a geometric invariant — the non- 
Kerrness — on hypersurfaces with at least one 
asymptotic end. This setting, although conve- 
nient for theoretical discussions, is not ideal for 
numerical considerations where very often one 
needs to make use of bounded computational 
domains on an hypersurface. The purpose of 
this article is to provide a construction of non- 
Kerrness on bounded domains. 

The construction of the non-Kerrness given 
ir^i^i4 is based on a very strong property of 
the Kerr spacetime: the existence of a Killing- 
Yano tensor. A Killing- Yano tensor is an an- 
tisymmetric, rank 2 tensor y^j, satisfying the 
equation 
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Let = e^^'^^'V^Fap denote the codifferential 
of Yp,!/. If F^iv is a Killing- Yano tensor, then 
satisfies the Killing vector equation. As 
discussed iv^, the theory of Killing- Yano ten- 
sors can be conveniently reformulated in terms 
of the existence of a valence 2 Killing spinor, 
i-^AB — i^(AB), satisfying the equation 



' A'(A>^BC) 



= 0. 
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The spinorial analogue of the codifferential C,^ 
is the spinor S^aa' = ^ A'^ kab- In general, 
if HAB satisfies the Killing spinor equation, 
then S,AA' is a complex Killing vector. In the 
case of the Kerr spacetime the real and imag- 
inary parts of this vector are proportional — 
and by multiplying with a complex constant, 
the imaginary part can be set to zero. In gen- 
eral, the existence of a Killing- Yano tensor is 
equivalent to existence of a Killing spinor kab 
such that ^aa' is real. 

Killing spinors (or alternatively, Killing- 
Yano tensors) are useful in the characterisa- 
tion of the Kerr spacetime as the existence of 
one of these objects severely restricts the alge- 
braic type of the curvature of the spacetime. 
Furthermore, the implied existence of a real 
Killing vector allows to make contact with the 
theory of the Mars-Simon tensor — see^i^. As a 
result of this analysis, it is possible to provide a 
purely local characterisation of the Kerr space- 
time — see Theorem 1 in§.. Alternatively, one 
can obtain a somewhat simpler characterisa- 
tion if one combines local and global require- 
ments; the existence of a stationary, asymp- 
totically flat region with non-vanishing mass 
— see Theorem 2 in^. Precisely this result was 
used in the constructions of non-Kerrness on 
non-bounded 3-manifolds described 

The construction of the non-Kerrness on 
bounded domains discussed in the present ar- 
ticle makes use of the local spacetime charac- 
terisation of the Kerr spacetime given in Theo- 
rem 1 of^ to show that if the non-Kerrness van- 
ishes on some 3-dimensional bounded domain, 
then the initial data prescribed on that region 
is locally isometric to data for a Kerr space- 
time. We expect that this result will be of util- 
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ity to assess in a quantitative way how a given 
numerically constructed dynamical black hole 
spacetime evolves towards a stationary state 
described by the Kerr spacetime. In the pro- 
cess, it will be shown that the general theory 
of Killing spinor initial data sets used in^i^'^ 
can be simplified. 

Overview of the article 

The content of this article is structured as 
follows: Section provides a summary of key 
properties of spacetimes with Killing spinors. 
It also contains a reformulation in terms of 
spinors of a local characterisation of the Kerr 
spacetime by M. Mars. Finally, a brief discus- 
sion of the notion of Killing spinor candidates 
is provided. Section IIIII provides a brief sum- 
mary of the theory of the Killing spinor initial 
data equations which encode the existence of a 
Killing vector at the level of initial data. Sec- 
tion |IV] gives a brief discussion of the notion of 
approximate Killing spinors, the approximate 
Killing spinor equations and the elliptic theory 
required to discuss the existence of solutions to 
this equation with Dirichlet boundary condi- 
tions. SectionlVlprovides a result regarding the 
realness of the Killing vector constructed from 
the Killing spinor, which will be required in 
our subsequent discussion. Section lVTl provides 
our main result: a theorem which characterises 
Kerr initial data on a compact domain of a 3- 
dimensional manifold using the notion of ap- 
proximate Killing spinors. Finally Section [VIII 
provides some concluding remarks. There is 
an appendix (Appendix providing a proof 
of a theorem discussed in Section lllli which 
tells that one of the Killing spinor initial data 
equations can be omitted. 



Notation and conventions 

All throughout, {Ai,g^„) will denote a 
smooth, orientable and time orientable glob- 
ally hyperbolic vacuum spacetime. Here, and 
in what follows, ■ ■ ■ denote abstract 4- 
dimensional tensor indices. The metric will 
be taken to have signature (-1-,—,—,—). Let 
V^i denote the Levi-Civita connection of g^,y. 
The sign of the Riemann tensor will be given 
by the equation 

Spinors will be used systematically. We follow 
the conventions of®. In particular. A, B, . . . 



will denote abstract spinorial indices. Ten- 
sors and their spinorial counterparts are re- 
lated by means of the solder form cr^'^'^ sat- 
isfying g^j,^ = a^^' a^^' e ABBA'S', where eab 
is the antisymmetric spinor and Ia'B' its com- 
plex conjugate copy. One has, for example, 
that = a^^^ £,AA' ■ Let \/aa' denote the 
spinorial counterpart of the spacetime connec- 
tion V^. 

II. A LOCAL SPACETIME 
CHARACTERISATION OF THE KERR 
SPACETIME 

Given a spacetime {Ai,g^^), let C^^\p de- 
note the Weyl tensor of the metric g^jy. Let 
Gaa'BB'CC'DD' denote the spinorial counter- 
part of Cpi,\p. There exists a completely sym- 
metric spinor abcd such that: 

CaA'BB'CC'DD' = ^ ABCD^A'B'^C'D' 

+ A'B'C'D'^AB^CD- 

In terms of the spinor '^abcDi the Bianchi 
identity can be rewritten as 

V'5a'*ascq = 0. (2) 

We recall that the two classical invariants of 
the Weyl tensor are given by: 

A. Properties of spacetimes with Killing spinors 

In what follows it is assumed one has a re- 
gion M of the spacetime {M.,g^^) where one 
has a solution kab of the Killing spinor equa- 
tion ([ij. It is then well known that the space- 
time must be of Petrov type D, N or O at ev- 
ery point where the Killing spinor exists — see 
e.g.^1 . In the sequel we will concentrate our at- 
tention to the case when {M,gp,u) is of Petrov 
type D. In such case, there exist spinors a a, 
Pa, oiqP^ = 1, such that 

^ABCD = -'^a{AaAPcfiD), (3) 

where 

^ = 1%J/I. (4) 

The sign convention used in this equation dif- 
fers from the one used vd^^^u^. The reason be- 
hind this choice is to avoid potential problems 
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with the choice of branch of roots of complex 
quantities. The valence 2 Killing spinor is then 
given by 

KAB = ip^^^^aiAl^B), (5) 

where the branch with minimal absolute value 
of the complex argument is used. The conven- 
tions used gives a real and positive ijj for the 
Schwarzschild spacetime. 

As in the introduction, let 

^AA' = '^'^A'KAQ- 

Then ^aa' is (in general) a complex solution 
to Killing equation 

Vaa'C-BS' + Vbs'Caa' — 0. 

If £,AA' is real, we define the Killing form of 
^AA' by 

FaA'BB' = \ AA'^BB' — ^BB'£.AA') 
— AA'S,BB'- 

Vacuum spacetimes admitting a Killing spinor 
such that S^AA' is real will be said to belong 
to the generalised Kerr-NUT class — see^. 
In the rest of this section it is assumed that 
(Ai^g^^) is a generalised Kerr-NUT space- 
time. 

As a consequence of the symmetries of 
Faa'BB', there exists a symmetric, valence 2 
spinor 4>ab such that 

FaA'BB' — (j^AB^A'B' + 4>A'B'£AB, 
(t'AB = \FaQ'b'^ ■ 

Using ^ one finds the following expressions 
for £^AA' , and ipAB in terms of tp and the prin- 
cipal spinors: 

Ua' = 5^"^/' {aAf3'^ + Pa^"^) Vqa-^, 

(pAB = -J-^ABCDK^^ = -{^l^^'^a^A^B)- 

The above expression for the spinor (pAB is ob- 
tained using the Killing spinor equation and 
by commutation of covariant derivatives. 

For later use, we introduce the norm of the 
Killing form, the norm of the Killing vector 
and the twist 1-form via 

$ = 0PQ0^«, X = Ua'^^''\ 

— ^ CBB' yjCC cDD' 

^AA' = ^AA'BB'CC'DD'k, V ^ , 

where 

^AA'BB'CC'DD' = ^ {^AC^BD^A' D'^B'C 
— ^AD^BC^A'C'^B'D') 



is the spinorial counterpart of the completely 
antisymmetric volume form, e^^\p, of g^i,. Lo- 
cally, UJAA' is exact, so that there exists w (the 
twist potential) such that ujaa' = Vyiyi'W. Us- 
ing A and lo we define the Ernst potential, ct, 

by 

cr = A + iw. 

Using expressions ([3]) and (O one readily 
finds the following expressions for $, A and 

i^AA''- 

$ = -^'/'^/^ (6a) 
A = -i^-^/^V^^-^V-^^V, (6b) 

UJAA' =l-ra{^A^^BA')-, (6c) 

In order to obtain an expression for the Ernst 
potential in terms of "0, we notice the identities 

^AA'{'>P^'^) = ~fcpA''S.BA', (7a) 

Vaa'\ = Re(40A''^sA')- (7b) 

These identities follow from the Bianchi iden- 
tity ([2), the Killing spinor equation and com- 
muting derivatives as nessesary. One concludes 
that 

Vaa'A + iujAA' = -f Vaa'V'^^^- 
The latter can be integrated to give 

a-c=-|V^/3, (8) 

with c a complex constant. The real part of c 
is not arbitrary: using equations (Tfal) and ([7b)) 
one obtains that 

Re(c) = A+ |Re(V'^/^). (9) 

B. A local characterisation of Kerr 

The analysis of the so called Mars- Simon 
tensor presented in^''' gives rise to a local char- 
acterisation of the Kerr spacetime among the 
class of spacetimes endowed with a Killing vec- 
tor. This characterisation involves the Weyl 
tensor, the Killing form and the Ernst poten- 
tial — see Theorem 1 in^ . For the convenience 
of our subsequent analysis, here we present a 
slight generalisation of this result in the lan- 
guage of spinors. 

Theorem 1 (Mars, 2000). Let (M,g^,y) he a 
smooth, vacuum spacetime admitting a Killing 
vector . Let M d A4 be a non-empty open 
subset satisfying: 

(i) There is a point p £ Af where <I> 7^ 0. 



4 



(ii) The Killing form and the Weyl tensor are 
related by 

^ABCD = ^<P{Ab4'CD), 

where w is a complex scalar function. 

Then there exist two complex constants c and 
k such that 

12 

■cu = , $ = -fc(c- (t)'', onN. 

C — (7 

//, in addition, Re(c) > and k = Re(/c) > 
then {J^,gfiv) is locally isometric to a portion 
of the Kerr spacetime. 

Remark 1. This result follows from — and is 
equivalent to — Theorem 1 in^ by introducing 
a different normalisation in the Killing vector 
and exploiting the fact that w is defined only 
up to an additive constant. We thank M. Mars 
for pointing this out to us. 

Remark 2. As discussed in^ it follows from 
the previous result that the Kerr spacetime is 
everywhere strictly of type D. In particular this 
implies that ip ^ 0. 

C. Killing spinor candidates 

The construction of non-Kerrness on a 
bounded domain requires the notion of a 
Killing spinor candidate introduced in'*: 

Definition 2. Let (A^,g^^) be a vacuum 
spacetime. Consider a point p (z Ai for which 
2^ 0, i7 7^ and a symmetric spinor (.ab 
satisfying at p 

Cab + 0, i>~^^PQRse'^e'^ + \CpQC'''^ + 0. 
The symmetric spinor given by 

KAB = r'''^-"^-r'^ABPQC'''^- \Ub\ 

(10) 

with 

will be called the Qab -Killing spinor candidate 
at p. The scalar tp is obtained from the Weyl 
spinor "^abc d using formula ^ . 

Formula (fTU|) can be evaluated for any vac- 
uum spacetime (A^, g^i/) satisfying the explicit 
conditions in definitin [2J that is it is not re- 
stricted to a special Petrov type. The name 
Killing spinor candidate is justified by the fol- 
lowing result also proved in^.: 



Proposition 3. Let be a vacuum 

spacetime. Lf on M d A4, the spacetime is of 
Petrov type D and Cab is a symmetric spinor 
satisfying 

S = V^-l^PQfisC^'^C^^ + Ki-Q^^ ^ 0, 
Cab 7^ onAf, 

and JV contains no branch cuts of ip^/^ and 
then 

nAB = r"'^-"\^^rHABPQC''''-- \Cab) 

(11) 

is a Killing spinor on J\f . The formula (|lip is 
independent of the choice of Cab ■ 

Remark. Different choices of branch cuts in 
■(/'^/•^ and S^/^ only change the right hand side 
of (ITT]) by a constant complex phase. The as- 
sumption on the no existence of branch cuts of 
ip^^^ and 5^/^ is included to ensure the smooth 
existence of derivatives of the various fields — 
see also Assumption [7] below. 

III. THE KILLING SPINOR INITIAL DATA 
EQUATIONS 

Key for the construction of the non-Kerrness 
discussed ii*ii^i^, is the idea of how to encode 
that the development of an initial data set 
{S,hij, Kij) admits a solution to the Killing 
spinor equation ([TJ. This question can be ad- 
dressed by means of the space-spinor decom- 
position of the Killing spinor equation ([T]). For 
a more detailed description see^. 

In order to perform a space-spinor decompo- 
sition of equation ([T]) it is convenient to define 
the spinors 

£,ABCD = ^{AB^CD), ^AB = |V(A^Ks)Li, 

^eeV^««;pq, (12) 

where V ab denotes the spinorial version of the 
Sen connection associated to the pair {hij, Kij) 
of intrinsic metric and extrinsic curvature. It 
can be expressed in terms of the spinorial coun- 
terpart, Dab of the Levi-Civita connection of 
the 3- metric hij, and the spinorial version, 
Kabcd = K(AB){CD) = KcDAB, of the sec- 
ond fundamental form Kij . For example, given 
a valence 1 spinor t:a one has that 

Vasttc = Dabt^c + ^Kabc^t^q^ 

with the obvious generalisations to higher va- 
lence spinors. For expression of the commu- 
tators we refer to the paper—. The Hermitian 
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conjugate of tta is defined via 

wliere is the normal to S with length 

•\/2. The Hermitian conjugate can be ex- 
tended to higher valence symmetric spinors 
in the obvious way. It can be verified that 

Using the notation described in the previ- 
ous paragraph we find that the space-spinor 
decomposition of equation (jlj renders a set of 
3 conditions intrinsic to the hypersurface S: 

S.ABCD 0, (13a) 
*(ABC^«D)F = 0, (13b) 
3k(^A^Vb^^CD)EF + '^{ABC^^D}F = 0, 

(13c) 

where the spinor '^'abcd denotes, in a slight 
abuse of notation, the restriction to the hyper- 
surface S of the self-dual Weyl spinor. For the 
ease of notation, a similar convention will be 
adopted for the restriction of other spacetime 
fields. Whether one is considering the field on 
spacetime or its restriction to S will always be 
clear from the context. Crucially, the spinor 
"^ABCD in equations (jl3bp - (|13cp can be writ- 
ten entirely in terms of initial data quantities 
via the relations: 

"^ABCD — EabCD + ^BabCD, 

with 

EaBCD = — r(ABCD) + ^^(AB^'^^CD)PQ 

— ■^^abcdK, 
Babcd = — i (a^bcd)q, 

and where Q.abcd = K^abcd), K = Kpq^^. 
Furthermore, the spinor tabcd is the Ricci 
tensor, r^j, of the 3-metric hij. 

In Appendix |^ it is shown that the sec- 
ond algebraic condition (|13cp is, in fact, re- 
dundant and a consequence of the conditions 
(|13ap - (jl3bp . In particular it follows then that 

Theorem 4. Let equations (jl3ap - (ll3bp he sat- 
isfied for a symmetric spinor Hab on an open 
set U d S. Then the Killing spinor equation 
^ has a solution, kab, on the future domain 
of dependence V^lU). 

Remark. This means that the term I2 in the 
invariants ofis^s^ can be omitted. 



IV. APPROXIMATE KILLING SPINORS 

A. The approximate Killing spinor equation 

The spatial Killing spinor equation (jl3ap can 
be regarded as a (complex) generalisation of 
the conformal Killing vector equation. As in 
the case of the conformal Killing equation, 
equation (jl3ap is clearly overdetermined. How- 
ever, one can construct a generalisation of the 
equation which under suitable circumstances 
can always be expected to have a solution. One 
can do this by composing the operator in (jl3ap 
with its formal adjoint — seei. This procedure 
renders the equation 

LkCD = '^^^^ (ABl^CD) — ^^^^ (A^^ \DF\'^B)C 
- r!^^^(^VB)F«CD = 0, (14) 

which will be called the approximate Killing 
spinor equation. One has the following result 
proved in^: 

Lemma 5. The operator L defined by the left 
hand side of equation (jl4l) is a formally self- 
adjoint elliptic operator. 

In order to discuss the solvability of equa- 
tion (fT4|) on a bounded domain, U C S, one 
has to supplement it with appropriate bound- 
ary conditions. On dU we will consider the 
homogeneous Dirichlet operator B given by 

Bu{y) = u{y), y e dS. 

The combined operator (L,B) satisfies the 
so-called Lopatinski- Shapiro compatibility con- 
ditions — seei^ for detailed definitions and 
discussion. Thus, (L, B) is L-elliptic — see 
againiS,, Theorem 10.7. Moreover, one has the 
following theorem — see also^. 

Theorem 6. Let L denote a smooth second or- 
der homogeneous elliptic operator on lA . Fur- 
thermore, let dlA be smooth and let B de- 
note the Dirichlet boundary operator. Then for 
s > 2 the map 

(L,B) : H''{U) H'-^U) x H'-^''^{dU) 

is Fredholm. Furthermore, the boundary value 
problem 

Lu{x)^f{x), feH°{U), xeU, 
<v)^g{y), g£H\dU), yedU, 

has a solution u G H^{U) if 

/ / • J^d^i = 0, 
Ju 
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for all V G H^(pl) such that 

LV(a;)=0, xeU, 
v{y) = 0, ye dU. 

Remark 1. In the previous Theorem, the ac- 
tion of S on M is to be understood in the trace 
sense — seei^. 

Remark 2. If L has smooth coefficients and 
Lu = 0, then it follows from Weyl's Lemma — 
see e.gji^ — that if a solution to the boundary 
value problem exists and the boundary data 
is smooth, then the solution must be, in fact, 
smooth — this is the so-called elliptic regular- 
ity. 

In what follows let uab = 'T-(yis) denote the 
spinorial counterpart of the inward pointing 
normal to dlA. As a consequence of our signa- 
ture conventions one has that npgn^'^ = — 1. 
Theorem [5] will be used to establish the exis- 
tence of solutions to the approximate Killing 
spinor equation (jl4l) with Dirichlet boundary 
data given by the n^iB-Killing spinor candi- 
date. In order to ensure that the Killing spinor 
candidate can be constructed on dU, we define 
the set 

Q = {z e C I z = E{p), p e dU}, 

where we have chosen ^ab = nAs in the func- 
tion E. We make the following assumption: 

Assumption 7. The initial data set 
{S,hij, Kij) and the compact set U are 
such that I 0, ^ on dU and that E is a 
smooth function over dU satisfying 

(^) ^ Q; 

(a) Q does not encircle the point z — 0. 

when we choose C^ab o-s the inward pointing 
normal to dlA . 

Remarks. As a consequence of this as- 
sumption one can choose a cut of the square 
root function on the complex plane such that 
E}/'^{p) is smooth for all p e dU. Notice that 
the nAB-Killing spinor candidate is only de- 
fined at dU. The assumptions I ^ 0, 7^ 
are justified on the basis that we are mainly 
interested in discussing configurations close to 
Kerr initial data — for which V' 7^ 0. 

One has the following result: 

Proposition 8. Let {S,hij,Kij) be an initial 
data set for the Einstein vacuum field equa- 
tions. Furthermore, let U d S be a compact 



subset with boundary dS satisfying Assump- 
tion^ Then, there exists a unique smooth so- 
lution, KAB, to the approximate Killing spinor 
equation (114^ with boundary value given by the 
HAB -Killing spinor candidate given pointwise 
by equation (|10[) on dU. 

Proof. The proof of this result follows directly 
from the second part of Theorem [51 Notice 
that as the equation is is homogeneous, there 
is no potential obstruction to the existence of 
solutions and one does not need to verify the 
triviality of the Kernel of the adjoint opera- 
tor as it is in the case with asymptotically Eu- 
clidean ends — seeii^i^. □ 



V. REALITY OF THE KILLING VECTOR 

As discussed in the introduction, the exis- 
tence of a Killing spinor is not enough to single 
out the generalized Kerr-NUT family from the 
type D solutions. We also need that the Killing 
vector constructed from the Killing spinor is 
real. This section provides some tools to de- 
termine that. 



A. Imaginary part of the Killing vector data 

In what follows, let kab solve the Killing 
spinor equation ([T]) in a spacetime domain T), 
and let ^ and ^ab be defined as in ((T2]). In 
this section we only study what happes in the 
domain V. A computation using the suite 
xAct for Mathematica starting from equations 
(fT3a|) - (fT3cl) shows that 

Z?ABlm(^^^) = - ilm(Oi^, (15a) 
D(^abM^cd))^ -^ImiO^ABCD- (15b) 

This can be seen by using equations (18a) and 
(18b) in^ and splitting into real and imagi- 
nary parts. Equation ([ij implies Vkab = 
— I^AS, where V denotes the normal deriva- 
tive t"^^ Vaa'- Commuting derivatives and 
simplifying one obtains 

Vlm(0 =Im(e'^^)X^B, (16a) 
Vlm(aB) = - ^ImiOKAB + llm{UB)K 

+ nABColM^^''') - DABlmiO 
- lui{UA'')KB)c, (16b) 

where Kab is the acceleration vector. For 
more details about the derivation see equa- 
tions (32b) and (32c) in^ and their deriva- 
tions. Making a space spinor split of ^aa' — 
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^^A'l^AB and using equation ([T]), we find 

lm{^AA') = ^lTn{^)TAA' - lTn{^AB)T^A'- 

After differentiating once more, making a fur- 
ther space spinor spiit, and using equations 
(ITSa)) . (llSbp . (IT6a| and (|16bp we liave: 

Lemma 9. Let kab solve the Killing spinor 
equation ^ in a spacetime domain V. As- 
sume that 

lm(0 = 0, lni{UB) = 0, DabMO = 0, 
D(^a''IM^B)c) = (17) 

at a point p Cz V. Then Im(^^^') — and 
VAA'Ini(^BB') ^Oatp. 

VI. THE NON-KERRIMESS INVARIANT 

Tlie approximate Kiiling spinor kab ob- 
tained in Proposition [S] wiil now be used, in 
tlie spirit of^, to construct a geometric invari- 
ant measuring tire non-Kerrness of tlie initial 
data on the compact set U. More precisely, we 
define 

/= / V^AB^^cD)^^^^d^i 

+ I *(ABc''«D)P^^^^^^^^dA*. (18) 

Ju 

A. The main result 

The main result of our analysis is the follow- 
ing theorem: 

Theorem 10. Let {S,hij,Kij) be an initial 
data set for the Einstein vacuum field equa- 
tions, and let U d S be a compact connected 
subset with boundary dlA satisfying Assump- 
tion Let I be as defined by equation (1181) 
where kab is given as the only solution to 
equation (1141) with boundary behaviour given by 
the hab -Killing spinor candidate kab where 
UAB is the inward pointing normal to dlA. If: 

(t) I = 0; 

(ii) there exists a point on hi for which 

lm(0 = 0, Im(ai3) = 0, 

i?ABlm(e)=0, i^(A^Im(es)c) = 0; (19) 

then the future domain of dependence, D^(U), 
of U is locally isometric to a subset of a gen- 
eralised Kerr-NUT spacetime. If, in addition: 



(Hi) there exists a point onlA for which $ 7^ 0; 
(iv) there exists a point on hi for which 

A + f Re(V'i/^) > 0, (20) 

then D^{hi) is locally isometric to a portion 
of a Kerr spacetime. Conversely, on a com- 
pact subset hi d S of a Kerr initial data set, 
{S,hij,Kij), the properties (i), (ii), (Hi) and 
(iv) are satisfied. 

Remark 1. If D^iJJ) is locally isometric to 
a portion of a Kerr spacetime, the conditions 
(ii), (Hi) and (iv) are satisfied on every point. 
Hence, the choice of which point to check the 
conditions in, is not important. 

Remark 2. If is not connected, the condi- 
tions (ii), (Hi) and (iv) needs to be checked for 
each connected component of hi. 

Remark 3. The conditions (Hi) and (iv) can 
be replaced by an asymptotic flatness condi- 
tion. 

Proof. If / then it follows from our 
smoothness assumptions that equations (jl3ap - 
(jl3bp are satisfied on U. Hence, from The- 
orem m it follows that D^{hi) will contain 
a Killing spinor kab- Then S,aa' is the 
spinor counterpart of a (possibly complex) 
Killing vector. Now, using assumption (ii) 
together with Lemma [H] gives Ixn^S^AA' ) = 
and "S/ AA'^'^i^BB') = at a point. Using a 
standard result about Killing spinors (see Ap- 
pendix C.3 in^°), one concludes that Im(^) = 
Im(^^B) = everywhere on D^{hl) so that 
£,AA' is, in fact, real. Thus, D^(hi) is locally 
isometric to a portion of a generalised Kerr- 
NUT spacetime. 

As in the main text, let 4'ab denote the 
spinorial counterpart of the Killing form for of 
S^AA' ■ From the discussion in Subsection III Al 
one concludes that 

abcd — ^4>iAB4>CD), 

for some function vu. Now, if $ 7^ on hi, then 
using Theorem [TJ one has that 

12 

tn = , $ = -fc(c - (t)'*, 

C — (T 

for some (possibly complex) constants c and k. 
Using formulae ([8]) and (j6ap . one can identify 
the constants c and c and set fc = ^ . Evaluat- 
ing c at the point where (|20|) holds one obtains 
that Re(c) > 0. Thus, the hypothesis of The- 
orem [T] hold and one concludes that D^{hi) is 
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locally isometric to a portion of the Kerr space- 
time. 

Now, given a compact subset U C S oi a. 
Kerr initial data set, {S,hij, Kij), one knows 
there exist a spinor kab for which the spa- 
tial Killing spinor equations (|13ap - (jl3bp are 
satisfied. This spinor coincides at dU (up to 
an irrelevant constant numerical factor) with 
the n^iB-Killing spinor candidate. Thus, by 
uniqueness of the elliptic problem the ap- 
proximate Killing spinor obtained from solving 
the equation and kab coincide (again, up to an 
irrelevant numerical factor) and one has I — 
and (i) is satisfied. As kab satisfies the spa- 
tial Killing spinor equations, it follows from the 
general theory of'^ that (^, (,ab) is a Killing vec- 
tor initial data set (KID). For Kerr this data 
corresponds to the real stationary Killing vec- 
tor, thus (ii) is satisfied. Now, asip for the 
Kerr spacetime, one has from equation (|6all 
that $ ^ and thus (iii) holds. Finally, an 
explicit computation with the Kerr spacetime 
shows that (|20|) holds for any point of the Kerr 
spacetime — hence one obtains (iv). □ 

VII. CONCLUSIONS AND DISCUSSION 

In this paper we have devised a way to 
measure the deviation from Kerr initial data 
for bounded domains. The main result is 
presented in Theorem 1101 In the previous 
paper^ii^i^, a similar result was obtained for 
cases where the computational domain reached 
spatial infinity. For such cases the asymptotic 
behaviour of the approximate Killing spinor 
could be specified in a way that helped us to ex- 
clude all other Petrov type D solutions. There- 
fore we could conclude that the data was Kerr 
data if and only if / = 0. As the present paper 
deals with bounded domains, we constructed 
the boundary data for the approximate Killing 
spinor from the curvature. The drawback is 
that this gives / = for all type D solutions. 
Therefore, one requires conditions (ii), (iii), 
(iv) in Theorem [TO] to single out the Kerr so- 
lution. An effort was put into formulating the 
conditions so they can be verified at a single 
arbitrarily chosen point of the computational 
domain. Furthermore, we have shown that a 
part of the invariant constructed ir^i^i^ can be 
omitted in the case of a bounded domain as 
well the unbounded case. 

The results of this paper can be used to 
numerically evaluate how much any slice of a 
spacetime deviates from Kerr data. This gives 
a tool to quantify decay towards Kerr data for 



a numerically evolved spacetime. A project 
along these lines have been initiated. 
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Appendix A: Redundancy of the second algebraic 
condition 

The purpose of the present appendix is to 
prove the assertion made in Theorem [3] that 
the second algebraic condition given by equa- 
tion (|13cp is a consequence of the conditions 
(|13ap and (jl3b[) . As a consequence of this 
result, the conditions required on an initial 
data set to have a development with a valence 
2 Killing spinor become completely analogue 
to those required to have a valence 1 Killing 
spinor — see e.gj^. 

The analysis in this appendix proceeds by 
discussing the various possible algebraic types 
that the spinor kab can have. Our first result 
is the following: 

Lemma 11. Assume that the symmetric 
spinor kab satisfies 

kabk"^^ 7^ 0, V(^bKcz)) = 0, 
^{abc^ hd)f = 0, 

on an open subset U d S. Then the algebraic 
condition (|13cp is satisfied on hi. 

Proof. The condition kabi-^"^^ allows us to 
choose a spin dyad (o^,i^) and a scalar field 
K such that OAi-^ = 1 and kab — e'^ot^A'-B)- 
Similarly, the condition [abc^ >^d)f = im- 
plies that there is a scalar field -0 such that 

*ABCI5 = i^O^AOB'^C'-D)- 

In the next step we decompose the equation 
(AB^^CD) = into its various components to 
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obtain: 

o^o^o^\l ABOc = 0, (Ala) 
o^l^o'^Vaboc = -io^o^VAs><, (Alb) 

O^O^L^^ABiC - i^i^O^^ABOc 

= 2o'^l^Vabx, (Ale) 

o^i^i^VABic = ^l^l^Vabx, (Aid) 

l^l^l^Vabi^c = 0. (Ale) 
These equations imply, in turn, that 

e~'^^AB = - 'iOAOBo'-^ L^V CDl^F 
-SbAiBo'^' i^O^VcDOF 
+ ^0(Al'B)io'^O^i^\'cDl'F 

^i^L^o^VcDOp)- (A2) 

Now, it is weh known that the spacetinic 
Bianchi identity '^'^ a''^ abcq ~ imphes the 
constraint 

V^^'^ABCD = 0, (A3) 

on S. Substituting ^abcd — i^Oi^AOBi-ct-D) 
and contracting with combinations of and 
t,^ one finds that the content of (|A3|) is given 

by 

o^o'^VabV' = G^o^l^o^Vaboc, (A4a) 

O^t^VsC^ = ^^L^i^O^WABOc 

-l^o'^o^i^VABic, (A4b) 
l^l^Vab^J^ - 6i/)o^t-^t'^VAstc-(A4c) 

Using equation (jA2|) and the Bianchi identities 
(|A4a|) - (|A4c|) we get 

^(ABC''^^D)_F + Sk(^a^V b"^CD)FH 

= le^'^i'LAiBl-Cl'DO^^ o^o'^V pqOm 

- le^t/jOAOBOcOD'^'^' 1-^ 1''^'^ PQl^M- 

Finahy using the information about the deriva- 
tives of the spin dyad contained in equations 
(|Ala|) - (|AleP one finds that we get that the sec- 
ond algebraic condition, equation (|13cp , is sat- 
isfied on U. Notice that in this argument one 
could have had ip = 0. □ 

Using similar methods as before, one obtains 
the following lemma: 

Lemma 12. Assume that the symmetric 
spinor kab satisfies 

KAB^i^^ = 0, KABk^'^ + 0, 
V(ASKCD) = 0, '^{ABC^ HD)F = 0, 

on an open subset hi <Z S . Then the algebraic 
condition (|13cp is satisfied onlA. 



Proof. By assumption the kab is algebraically 
special — that is, it has repeated principal 
spinors. Thus, there exists a a such that 
I'iAB = oaob- We then complete oa to a nor- 
malised spinor dyad {oatI'a)- The equation 
(AB^^CD) = is equivalent to 



o'^o^o^V(^abOc) 


= 0, 


(A5a) 


O^O^i'^V^ABOc) 


= 0, 


(A5b) 


O^i^i^^i^ABOc) 


= 0, 


(A5c) 


L i^'^y {aboc) ~ 


= 0. 


(A5d) 



These equations imply, in turn, that 

£,AB = -2o^OBt'^VcDO'° + 2o(^tB)o'^Vc_DO-°. 

(A6) 

The condition ^ [abc^ i^d)f = implies that 
there is a scalar field -0 such that '^abcd — 
^0(^aobocOd)- Using this together with (IA6p 
yields 

'^{ABC^^D)F + "il^^A^^ B^'^CD)FH 

+ iO(AOBOcl'D)tpO^ o'^ (pQOj^y 

(A7) 

Finally using the relations (|A5aP - (IA5dp we 
get that the second algebraic condition, equa- 
tion (|13cp . is satisfied onU. □ 

With the aid of the previous two lemmas, 
one can provide a proof of Theorem 0] in the 
main text. 

Proof. Let Ui be the set of all points in S where 
KABi^^^ 7^ and U2 be the set of all points 
in S where KABt^^^ 7^ 0. The scalar func- 
tions kabk,"^^ : S ^ C and kab^^^ : S R 
are continuous. Therefore, Ui and U2 are open 
sets. Now, let Vi and V2 denote, respectively, 
the interiors of S \Ui and Vi \ . On the 
open set Vi n U2 we have that kab^-^^ ~ 
and kabk"^^ 7^ 0. Hence, by Lemma [T2l the 
second algebraic condition, equation (jl3cp . is 
satisfied on Vi 0^2. Similarly, by Lemma [TT] 
the condition (jl3cp is satisfied on Ui . On the 
open set V2 we have that kab = and there- 
fore equation (|13cp is trivially satisfied on V2- 
Using the above sets, the 3-manifold S can be 
split as 

int5 cUiU (Vi n U2) U V2 U dUi U dV2. 

The left hand side of equation (|13cl) is contin- 
uous and vanishes on the open sets Ui, Vi nU2 
and V2. By continuity it therefore also vanishes 
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on the boundaries dUi and dV2- We can there- 
fore conclude that (jl3cp is satisfied everywhere 
on intiS. Again by continuity this extends to 
S. Finahy, using Theorem 2 in'^ one obtains 
the existence of a valence- 2 KiUing spinor on 
D+{S). □ 
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